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A NOTE ON THE DEPTH FORMULA AND VANISHING OF
COHOMOLOGY
ARASH SADEGHI
Abstract. It is proved that if one of the finite modules M and N , over a local ring R,
has reducible complexity and has finite Gorenstein dimension then the depth formula
holds, provided TorR
i
(M,N) = 0 for i≫ 0. We also study the vanishing of cohomology
of a module of finite complete intersection dimension.
1. introduction
Let R be a local ring. Two R–modules M and N satisfy the depth formula if
depthR(M) + depthR(N) = depthR+ depthR(M ⊗R N).
The depth formula was first studied by Auslander [3]. Suppose that PdR(M) < ∞ and
that q is the largest integer such that TorRq (M,N) is nonzero. Auslander proved that if or
depthR(Tor
R
q (M,N)) ≤ 1 either q = 0, then the formula
(1.1) depthR(M) + depthR(N) = depthR+ depthR(Tor
R
q (M,N))− q
holds [3, Theorem 1.2].
In [12], Huneke and Wiegand showed that two R–modules M and N over complete
intersection rings satisfy the depth formula provided TorRi (M,N) = 0 for i > 0. In [13],
Iyengar showed that the depth formula holds for two R–modules M and N , provided one of
the modules has finite complete intersection dimension and TorRi (M,N) = 0 for all i > 0. In
[6], Araya and Yoshino generalized Auslander’s original result. More precisely, they proved
that the formula (1.1) holds provided one of the modules has finite complete intersection
dimension and TorRi (M,N) = 0 for i ≫ 0. In [9], Bergh and Jorgensen proved that the
depth formula holds in certain cases over Cohen-Macaulay rings, provided one of the modules
has reducible complexity and TorRi (M,N) = 0 for i > 0.
In this paper, we generalize the Auslander’s original result for a module of finite Goren-
stein dimension and with reducible complexity.
In section 1, we prove that the formula (1.1) holds provided one of the modules has
reducible complexity and has finite Gorenstein dimension and TorRi (M,N) = 0 for i ≫ 0,
which is a generalization of [6, Theorem 2.5]. Also it can be viewed as a generalization of
[9, Corollary 3.4].
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In section 2, we study the vanishing of cohomology of a module of finite complete in-
tersection dimension over a local ring. For an R–module M of finite weak Gorenstein
dimension and an R–module N of finite complete intersection dimension and complexity
c, it is shown that if there exist an odd number q ≥ 1, and a number n > w.g.dR(M)
such that Ext iR(M,N) = 0 for i ∈ {n, n + q, · · · , n + cq}, then Ext
i
R(M,N) = 0 for all
i > w.g.dR(M)(see Theorem 4.2). As a consequence, for two R–modules M and N of fi-
nite complete intersection dimensions, it is shown that if there exist an odd number q ≥ 1,
and i > CI-dimR(M) such that Ext
j
R(M,N) = 0, for j ∈ {i, i + q, · · · , i + cq}, where
c = min{cxR(M), cxR(N)}, then Ext
j
R(M,N) = 0 for all j > CI-dimR(M), (see Corollary
4.3). In Theorem 4.4, it is shown that if w.g.dR(M) <∞ and N has reducible complexity
such that Ext iR(M,N) = 0 for i≫ 0 then w.g.dR(M) = sup{i | Ext
i
R(M,N) 6= 0}.
2. Preliminaries
Throughout the paper, R is a commutative Noetherian local ring and all modules are
finite (i.e. finitely generated) R–modules. Let
· · · → Fn+1 → Fn → Fn−1 → · · · → F0 →M → 0
be the minimal free resolution of M . Recall that the nth syzygy of an R–module M is the
cokernel of the Fn+1 → Fn and denoted by Ω
n
R(M), and it is unique up to isomorphism. The
nth Betti number, denoted βRn (M), is the rank of the free R–module Fn. The complexity of
M is defined as follows;
cxR(M) = inf{i ∈ N ∪ 0 | ∃γ ∈ R such that β
R
n (M) ≤ γn
i−1 for n≫ 0}.
Note that cxR(M) = cxR(Ω
i
R(M)) for every i ≥ 0. It follows from the definition that
cxR(M) = 0 if and only if PdR(M) < ∞. The complete intersection dimension was
introduced by Avramov, Gasharov and Peeva [5]. A module of finite complete intersection
dimension behaves homologically like a module over a complete intersection. Recall that
a quasi-deformation of R is a diagram R → A և Q of local homomorphisms, in which
R → A is faithfully flat, and A և Q is surjective with kernel generated by a regular
sequence. The module M has finite complete intersection dimension if there exists such a
quasi-deformation for which PdQ(M ⊗R A) is finite. The complete intersection dimension
of M , denoted CI-dimR(M), is defined as follows;
CI-dimR(M) = inf{PdQ(M ⊗R A)− PdQ(A) | R→ Aև Q is a quasi-deformation }.
By [5, Theorem 5.3], every module of finite complete intersection dimension has finite com-
plexity.
The concept of modules with reducible complexity was introduced by Bergh [8].
LetM and N be R–modules and consider a homogeneous element η in the graded R–module
Ext ∗R(M,N) =
⊕∞
i=0 Ext
i
R(M,N). Choose a map fη : Ω
|η|
R (M) → N representing η, and
denote by Kη the pushout of this map and the inclusion Ω
|η|
R (M) →֒ F|η|−1. Therefore we
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obtain a commutative diagram
0 −−−−→ Ω
|η|
R (M) −−−−→ F|η|−1 −−−−→ Ω
|η|−1
R (M) −−−−→ 0


yfη


y


y‖
0 −−−−→ N −−−−→ Kη −−−−→ Ω
|η|−1
R (M) −−−−→ 0.
with exact rows. Note that the module Kη is independent, up to isomorphism, of the map
fη chosen to represent η.
Definition 2.1. The full subcategory of R-modules consisting of the modules having re-
ducible complexity is defined inductively as follows:
(i) Every R-module of finite projective dimension has reducible complexity.
(ii) An R-moduleM of finite positive complexity has reducible complexity if there exists
a homogeneous element η ∈ Ext ∗R(M,M), of positive degree, such that cxR(Kη) <
cxR(M), depthR(M) = depthR(Kη) and Kη has reducible complexity.
By [8, Proposition 2.2(i)], every module of finite complete intersection dimension has
reducible complexity. On the other hand, there are modules having reducible complexity
but whose complete intersection dimension is infinite (see for example, [9, Corollarry 4.7]).
The notion of the Gorenstein(or G-) dimension was introduced by Auslander [2], and
developed by Auslander and Bridger in [4].
Definition 2.2. An R–module M is said to be of G-dimension zero whenever
(i) the biduality map M →M∗∗ is an isomorphism;
(ii) Ext iR(M,R) = 0 for all i > 0;
(iii) Ext iR(M
∗, R) = 0 for all i > 0.
The Gorenstein dimension of M , denoted G-dimR(M), is defined to be the infimum of
all nonnegative integers n, such that there exists an exact sequence
0→ Gn → · · · → G0 →M → 0
in which all the Gi have G-dimension zero. By [4, Theorem 4.13], if M has finite Gorenstein
dimension then G-dimR(M) = depthR − depthR(M). By [5, Theorem 1.4], G-dimR(M)
is bounded above by the complete intersection dimension, CI-dimR(M), of M and if
CI-dimR(M) <∞ then the equality holds.
The notion of the weak Gorenstein dimension was introduced in [11]. An R–module M is
said to be of weak Gorenstein dimension zero, written w.g.dR(M) = 0, if Ext
i
R(M,R) = 0
for all i > 0. If for some integer t ≥ 1 we have Ext tR(M,R) 6= 0 and Ext
i
R(M,R) = 0 for
all i > t then w.g.dR(M) = t. In all other cases, i.e. if Ext
i
R(M,R) 6= 0 for infinitely many
integer i > 0, then w.g.dR(M) =∞.
Note that, by [4, Theorem 4.13], every module of finite Gorenstein dimension has finite
weak Gorenstein dimension and G-dimR(M) = w.g.dR(M). On the other hand, there are
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modules having finite weak Gorenstein dimension but whose Gorenstein dimension is infinite
(see [15]).
Let P1
f
→ P0 → M → 0 be a finite projective presentation of M . The transpose of M ,
TrM , is defined to be Coker f∗, where (−)∗ := HomR(−, R), which satisfies in the exact
sequence
(2.1) 0→M∗ → P ∗0 → P
∗
1 → TrM → 0
and is unique up to projective equivalence. Thus the minimal projective presentations of M
represent isomorphic transposes of M . Two modules M and N are called stably isomorphic
and write M ∼= N if M ⊕ P ∼= N ⊕Q for some projective modules P and Q.
The composed functors Tk := TrΩ
k−1 for k > 0 introduced by Auslander and Bridger in
[4]. If Ext iR(M,R) = 0 for some i > 0, then it is easy to see that TiM
∼= ΩTi+1M .
We frequently use the following Theorem of Auslander and Bridger.
Theorem 2.3. [4, Theorem 2.8] Let M be an R–module and n ≥ 0 an integer. Then there
are exact sequences of functors:
0→ Ext 1R(Tn+1M,−)→ Tor
R
n (M,−)→ HomR(Ext
n
R(M,R),−)→ Ext
2
R(Tn+1M,−),
TorR2 (Tn+1M,−)→ (Ext
n
R(M,R)⊗R −)→ Ext
n
R(M,−)→ Tor
R
1 (Tn+1M,−)→ 0.
3. the depth formula
Let M and N be R–modules. In the following, we investigate the connection between the
vanishing of homology modules, TorRi>0(M,N), and the vanishing of cohomology modules,
Ext i>0R (TrM,N).
Lemma 3.1. Let M , N be R–modules such that M has reducible complexity. If M is of
G-dimension zero, and TorRi (M,N) = 0 for all i > 0 then Ext
i
R(TrM,N) = 0 for all i > 0.
Proof. Set c = cxR(M), we argue by induction on c. If c = 0 then PdR(M) < ∞ and
so PdR(M) = G-dimR(M) = 0. Therefore TrM = 0 and we have nothing to prove. As
TorRi (M,N) = 0 for all i > 0, Ext
1
R(Ti+1M,N) = 0 for all i > 0 by Theorem 2.3. Since
Ext iR(M,R) = 0 for all i > 0 then TiM
∼= ΩTi+1M for all i > 0 and so
(3.1) Ext iR(TtM,N) = 0 for all t > 1 and 1 ≤ i < t.
Suppose that c > 0 and that η ∈ Ext ∗R(M,M) reduces the complexity of M . Consider The
exact sequence
(3.2) 0→M → Kη → Ω
q
R(M)→ 0,
where |η| = q+1 and cxR(Kη) < c. Note that G-dimR(Kη) = G-dimR(M) = 0. The exact
sequence (3.2), induces the long exact sequence
· · · → TorRi (M,N)→ Tor
R
i (Kη, N)→ Tor
R
i+q(M,N)→ · · · ,
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of homology modules. Therefore, TorRi (Kη, N) = 0 for all i > 0 and so by induction
hypothesis Ext iR(TrKη, N) = 0 for all i > 0. By [4, Lemma 3.9], from the exact sequence
(3.2), we obtain the following exact sequence
0→ (ΩqR(M))
∗
→ Kη
∗ →M∗ → T (ΩqR(M))→ T (Kη)→ T (M)→ 0
where T (M) ∼= TrM , T (Kη) ∼= TrKη and T (Ω
q
R(M))
∼= Tq+1M . Since Ext
1
R(Ω
q
R(M), R) =
0, we get the exact sequence
(3.3) 0→ T (ΩqR(M))→ T (Kη)→ T(M)→ 0.
The exact sequence (3.3), induces a long exact sequence
(3.4) · · · → Ext iR(T (M), N)→ Ext
i
R(T (Kη), N)→ Ext
i
R(T (Ω
q
R(M)), N)→ · · ·
of cohomology modules. As Ext iR(TrKη, N) = 0 for all i > 0, we obtain from the (3.4)
Ext i+1R (TrM,N)
∼= Ext iR(Tq+1M,N) for all i > 0 and since TiM
∼= ΩTi+1M for all i > 0,
(3.5) Ext iR(Tq+1M,N)
∼= Ext i+1R (TrM,N)
∼= Ext
i+q+1
R (Tq+1M,N) for all i > 0.
Therefore if q > 0 then by (3.5) and (3.1)
(3.6) Ext iR(Tq+1M,N) = 0 for i 6= j(q + 1) and j > 0,
(3.7) Ext q+1R (Tq+1M,N)
∼= Ext
j(q+1)
R (Tq+1M,N) for all j > 0.
By [8, Lemma 2.3], there exists an exact sequence
(3.8) 0→ Ωq+1R (Kη)→ Kη2 ⊕ F → Kη → 0,
where F is free. As G-dimR(Kη) = 0, by [4, Lemma 3.9] we obtain the following exact
sequence
(3.9) 0→ T (Kη)→ T(Kη2 ⊕ F )→ T (Ω
q+1
R (Kη))→ 0,
where T (Kη) ∼= TrKη, T (Kη2 ⊕ F ) ∼= TrKη2 and T (Ω
q+1
R (Kη))
∼= Tq+2Kη. The exact
sequence (3.9), induces a long exact sequence
(3.10)
· · · → Ext iR(T (Ω
q+1
R (Kη)), N)→ Ext
i
R(T (Kη2 ⊕ F ), N)→ Ext
i
R(T (Kη), N)→ · · ·
of cohomology modules. Note that by the proof of [8, Proposition 2.2(ii)], Ωq+1R (Kη) has
also reducible complexity. Therefore, by induction hypothesis, Ext iR(Tq+2Kη, N) = 0 for all
i > 0 and so by (3.10), Ext iR(TrKη2 , N) = 0 for all i > 0. By [4, Lemma 3.9], from the
exact sequence 0→M → Kη2 → Ω
2q+1
R (M)→ 0, we obtain the following exact sequence
(3.11) 0→ (Ω2q+1R (M))
∗
→ (Kη2)
∗
→M∗ → T (Ω2q+1R (M))→ T(Kη2)→ T (M)→ 0,
where T (M) ∼= TrM , T (Ω
2q+1
R (M))
∼= T2q+2M and T (Kη2) ∼= TrKη2 . As Ext
2q+2
R (M,R) =
0, we get the exact sequence
(3.12) 0→ T (Ω2q+1R (M))→ T(Kη2)→ T (M)→ 0.
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The exact sequence (3.12), induces a long exact sequence
(3.13) · · · → Ext iR(T (M), N)→ Ext
i
R(T (Kη2), N)→ Ext
i
R(T (Ω
2q+1
R (M)), N)→ · · ·
of cohomology modules. As Ext iR(TrKη2 , N) = 0 and TiM
∼= ΩTi+1M for all i > 0, by
(3.13) we get the following isomorphisms.
(3.14) Ext iR(T2q+2M,N)
∼= Ext i+1R (TrM,N)
∼= Ext
2q+i+2
R (T2q+2M,N) for all i > 0.
If q = 0 then by (3.14), (3.5) and (3.1), it is obvious that Ext iR(TrM,N) = 0 for all i > 0.
Now if q > 0 then by (3.14) and (3.1),
Ext 2q+2R (Tq+1M,N)
∼= Ext
3q+3
R (T2q+2M,N)
∼= Ext
q+1
R (T2q+2M,N) = 0
Therefore by (3.6) and (3.7), Ext iR(Tq+1M,N) = 0 for all i > 0 and so Ext
i
R(TrM,N) = 0
for all i > 0. 
The following Theorem is a generalization of [6, Theorem 2.5], [9, Corollary 3.4] and also
[9, Theorem 3.1].
Theorem 3.2. Let M and N be R–modules and let TorRi (M,N) = 0 for i≫ 0. If M has
reducible complexity and q = sup{i | TorRi (M,N) 6= 0} then the following statements hold
true.
(i) If G-dimR(M) <∞ and q = 0 then
depthR(M) + depthR(N) = depthR(M ⊗R N) + depthR.
(ii) If q > 0, depthR(Tor
R
q (M,N)) ≤ 1 then
depthR(M) + depthR(N) = depthR+ depthR(Tor
R
q (M,N))− q
Proof. (i) We argue by induction on c = cxR(M). If c = 0 then PdR(M) < ∞ and
the formula holds by Auslander’s original result, so suppose that c > 0 and that η ∈
Ext ∗R(M,M) reduces the complexity ofM . The exact sequence 0→M → Kη → Ω
n
R(M)→
0, induces a long exact sequence
(3.15) · · · → TorRi (M,N)→ Tor
R
i (Kη, N)→ Tor
R
i+n(M,N)→ · · ·
of homology modules. Therefore TorRi (Kη, N) = 0 for all i > 0. As cxR(Kη) < c and
G-dimR(Kη) <∞,
(3.16) depthR(Kη) + depthR(N) = depthR(Kη ⊗R N) + depthR
by induction hypothesis. Now by induction on G-dimR(M), we show that the formula
holds. If G-dimR(M) = 0 then by the Lemma 3.1, Ext
i
R(TrM,N) = 0 for all i >
0. Hence by Theorem 2.3, M ⊗R N ∼= HomR(M
∗, N) and also by the exact sequence
(2.1), Ext iR(M
∗, N) = 0 for all i > 0. Therefore by [6, Lemma 4.1], depthR(M ⊗R
N) = depthR(HomR(M
∗, N)) = depthR(N) and so by the Auslander-Bridger formula,
depthR(M) + depthR(N) = depthR(M ⊗N) + depthR.
Now let G-dimR(M) > 0, if n = 0 then we obtain the following exact sequence
(3.17) 0→M ⊗R N → Kη ⊗R N →M ⊗R N → 0.
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As G-dimR(M) > 0, G-dimR(ΩR(M)) = G-dimR(M) − 1. Note that by the proof of [8,
Proposition 2.2(ii)], ΩR(M) has also reducible complexity. Therefore,
(3.18) depthR(ΩR(M)) + depthR(N) = depthR(ΩR(M)⊗N) + depthR
by induction hypothesis. From the exact sequence 0→ ΩR(M)→ F →M → 0, where F is
a free module, we obtain the exact sequence 0→ ΩR(M) ⊗R N → F ⊗R N → M ⊗R N →
0. Therefore, depthR(M ⊗R N) ≥ min{depthR(N), depthR(ΩR(M) ⊗R N) − 1}, by the
depth Lemma. Now by (3.18), depthR(ΩR(M) ⊗R N)− 1 = depthR(N) −G-dimR(M) <
depthR(N) and so depthR(M ⊗R N) ≥ depthR(N) − G-dimR(M). On the other hand,
if depthR(M ⊗R N) > depthR(N) − G-dimR(M) then by the exact sequence (3.17), it is
obvious that depthR(Kη⊗RN) > depthR(N)−G-dimR(M) = depthR(N)−G-dimR(Kη),
which is a contradiction by (3.16). Hence depthR(M) + depthR(N) = depthR(M ⊗N) +
depthR.
Now let n > 0, then G-dimR(Ω
n
R(M)) = max{0,G-dimR(M) − n} < G-dimR(M).
Note that by the proof of the [8, Proposition 2.2(ii)], ΩnR(M) has also reducible complexity
and so by induction hypothesis, depthR(Ω
n
R(M)⊗R N) = depthR(N)−G-dimR(Ω
n
R(M)).
Therefore, as G-dimR(M) = G-dimR(Kη), depthR(Kη⊗RN) < depthR(Ω
n
R(M)⊗RN) by
(3.16) and so from the exact sequence 0 → M ⊗R N → Kη ⊗R N → Ω
n
R(M) ⊗R N → 0, it
is obvious that depthR(M ⊗RN) = depthR(Kη ⊗RN). Therefore by (3.16), depthR(M)+
depthR(N) = depthR(M ⊗N) + depthR.
(ii) We argue by induction on cxR(M) = c. If c = 0 then PdR(M) <∞ and the formula
holds by Auslander’s original result, so suppose that c > 0 and that η ∈ Ext ∗R(M,M)
reduces the complexity of M . The exact sequence 0→M → Kη → Ω
n
R(M)→ 0, induces a
long exact sequence
(3.19) · · · → TorRq (M,N)
f
→ TorRq (Kη, N)→ Tor
R
q+n(M,N)→ · · ·
of homology modules. From (3.19), it is obvious that q = sup{i | TorRi (Kη, N) 6= 0}. If
n = 0 then from (3.19), we obtain the following exact sequences
(3.20) 0→ TorRq (M,N)→ Tor
R
q (Kη, N)→ Coker (f)→ 0,
(3.21) 0→ Coker (f)→ TorRq (M,N).
If depthR(Tor
R
q (M,N)) = 0, then by the exact sequence (3.20), depthR(Tor
R
q (Kη, N)) = 0.
As cxR(Kη) < c , by induction hypothesis, depthR(N) + depthR(Kη) = depthR − q and
since depthR(Kη) = depthR(M), we are done. If depthR(Tor
R
q (M,N)) = 1 then by
the exact sequence (3.21), depthR(Coker (f)) > 0 and so by the exact sequence (3.20),
depthR(Tor
R
q (Kη, N)) = 1. Therefore by induction hypothesis, depthR + 1 − q =
depthR(Kη) + depthR(N) = depthR(M) + depthR(N).
Now suppose that n > 0, then from the exact sequence (3.19), it is obvious that
TorRq (M,N)
∼= TorRq (Kη, N) and so by induction hypothesis, we are done. 
The following lemma is useful for the rest of the paper.
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Lemma 3.3. For an R–module M , CI-dimR(M) = 0 if and only if CI-dimR(TrM) = 0.
Proof. If CI-dimR(M) = 0 then CI-dimR(M
∗) = 0 by [10, Lemma 3.5] and so from the
exact sequence (2.1), CI-dimR(TrM) <∞. As G-dimR(M) = 0, G-dimR(TrM) = 0 by [4,
Lemma 4.1] and so CI-dimR(TrM) = 0 by [5, Theorem 1.4]. As M ∼= TrTrM , the other
side is obvious.

Let M and N be R–modules. In the following, we investigate the connection be-
tween complete intersection dimension of M and the vanishing of cohomology modules,
Ext i>0R (TrM,N), and the vanishing of homology modules, Tor
R
i>0(M,N).
Proposition 3.4. Let M and N be R–modules such that CI-dimR(M) < ∞. If two of
the following conditions hold true then the third one is also true.
(i) TorRi (M,N) = 0 for all i > 0,
(ii) Ext iR(TrM,N) = 0 for all i > 0,
(iii) CI-dimR(M) = 0.
Proof. (i),(ii)⇒(iii) By [6, Theorem 2.5] and [5, Theorem 1.4], depthR(M ⊗R N) =
depthR(N)−CI-dimR(M). As Ext
i
R(TrM,N) = 0 for all i > 0,M⊗RN
∼= HomR(M
∗, N)
by Theorem 2.3 and also Ext iR(M
∗, N) = 0 for all i > 0, by the exact sequence (2.1). There-
fore, depthR(HomR(M
∗, N)) = depthR(N) by [6, Lemma 4.1]. Hence CI-dimR(M) = 0.
(ii),(iii)⇒(i) Set K = TrM and c = cxR(M). By Lemma 3.3, CI-dimR(K) = 0. By
Theorem 2.3, TorR1 (Ti+1K,N) = 0 for all i > 0. As Ext
i
R(K,R) = 0 for all i > 0,
TiK ∼= ΩTi+1K for all i > 0 and so Tor
R
i (TjK,N) = 0 for all j > 1 and 1 ≤ i < j. As
M ∼= TrK, cxR(TrK) = c and so cxR(TiK) = c for all i > 0. Since Tor
R
i (Tc+2K,N) = 0
for 1 ≤ i ≤ c+ 1 and CI-dimR(Tc+2K) = 0, then Tor
R
i (Tc+2K,N) = 0 for all i > 0, by[14,
Corollary 2,6]. Therefore, TorRi (T1K,N) = 0 for all i > 0. As M
∼= TrK, Tor iR(M,N) = 0
for all i > 0.
(i), (iii)⇒(ii) By [5, Theorem 1.4],G-dimR(M) = CI-dimR(M) = 0 and by [8, Propo-
sition 2.2(i)], M has reducible complexity. Therefore, Ext iR(TrM,N) = 0 for all i > 0 by
Lemma 3.1. 
4. Vanishing results
Let M and N be R–modules. In [14], Jorgensen proved that the vanishing of Ext for
a certain sequence of numbers forces the vanishing of all the higher Ext groups. More
precisely, he proved that if CI-dimR(M) < ∞ and Ext
i
R(M,N) = Ext
i+1
R (M,N) = · · · =
Ext i+cR (M,N) = 0, where c = cxR(M), then Ext
j
R(M,N) = 0 for all j > CI-dimR(M)
[14, Corollary 2.6]. In [7], Bergh assumed the vanishing of nonconsecutive Ext groups
and generalized this result. For an R–module M of finite complete intersection dimension,
he proved that if there exist an odd number q ≥ 1, and a number n > CI-dimR(M)
such that Ext iR(M,N) = 0 for i ∈ {n, n + q, · · · , n + cq}, then Ext
i
R(M,N) = 0 for all
i > CI-dimR(M), [7, Theorem 3.1]. In this section, we are going to prove similar results,
when w.g.dR(M) <∞ and N has finite complete intersection dimension.
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Proposition 4.1. LetM andN be R–modules and let CI-dimR(N) <∞ and w.g.dR(M) <
∞. Set cxR(N) = c. If Ext
i
R(M,N) = Ext
i+1
R (M,N) = . . . = Ext
i+c
R (M,N) = 0, for some
i > w.g.dR(M), then Ext
j
R(M,N) = 0 for all j > w.g.dR(M).
Proof. We argue by induction on c. If c = 0 then PdR(N) < ∞. As Ext
i
R(M,R) = 0
for all i > w.g.dR(M), TiM ∼= ΩTi+1M for all i > w.g.dR(M) and also by Theorem 2.3,
Ext jR(M,N)
∼= TorR1 (Tj+1M,N) for all j > w.g.dR(M). Set t = PdR(N). Therefore
Ext jR(M,N)
∼= TorRt+1(Tt+j+1M,N) = 0 for all j > w.g.dR(M).
Now suppose c is positive and set n = w.g.dR(M). As CI-dimR(N) <∞, by [7, Lemma
2.1(i)], there exists a quasi deformation R → A և Q such that the A–module A ⊗R N
has reducible complexity by an element η ∈ Ext 2A(A ⊗R N,A ⊗R N). Set Nˆ = A ⊗R N
and Mˆ = A ⊗R M . Note that w.g.dA(Mˆ) = n and by the proof of [7, Lemma 2.1(i)],
CI-dimA(Nˆ) <∞. The exact sequence
0→ Nˆ → Kη → ΩANˆ → 0
induces a long exact sequence
(4.1) · · · → Ext jA(Mˆ, Nˆ)→ Ext
j
A(Mˆ,Kη)→ Ext
j
A(Mˆ,ΩA(Nˆ))→· · ·
of cohomology modules. Now consider the exact sequence 0 → ΩA(Nˆ) → F → Nˆ → 0,
where F is a free A–module. As Ext kA(Mˆ,A) = 0 for all k > n, we get the following
isomorphism
(4.2) Ext j−1A (Mˆ, Nˆ)
∼= Ext
j
A(Mˆ,ΩA(Nˆ))
for all j > n+ 1. Now from (4.1) and (4.2), it is obvious that Ext jA(Mˆ,Kη) = 0 for i+ 1 ≤
j ≤ i + c. As cxA(Kη) < cxA(Nˆ) = c, by induction hypothesis we have Ext
j
A(Mˆ,Kη) = 0
for all j > n. Therefore from (4.1) and (4.2), we get
Ext j−1A (Mˆ, Nˆ)
∼= Ext
j
A(Mˆ,ΩA(Nˆ))
∼= Ext
j+1
A (Mˆ, Nˆ)
for all j > n + 1. Now since c > 0, it is obvious that Ext jA(Mˆ, Nˆ) = 0 for all j > n.
Therefore Ext jR(M,N) = 0 for all j > n. 
Now we can generalize Proposition 4.1 as follows.
Theorem 4.2. Let M and N be R–modules and let CI-dimR(N) <∞ and w.g.dR(M) <
∞. Set cxR(N) = c. If there exist an odd number q ≥ 1, and i > w.g.dR(M) such that
Ext jR(M,N) = 0, for j ∈ {i, i+q, · · · , i+cq}, then Ext
j
R(M,N) = 0 for all j > w.g.dR(M).
Proof. We argue by induction on c. If c = 0 then PdR(N) <∞ and as we have seen in the
proof of Proposition 4.1, Ext jR(M,N) = 0 for all j > w.g.dR(M).
Now let c > 0, q = 2t− 1, t ≥ 1. As CI-dimR(N) <∞, by [7, Lemma 2.1(i)], there exists
a quasi deformation R→ Aև Q such that the A–module A⊗RN has reducible complexity
by an element η ∈ Ext 2A(A ⊗R N,A ⊗R N). Set Nˆ = A ⊗R N and Mˆ = A ⊗R M . As
CI-dimA(Nˆ) <∞, by [7, Lemma 2.1(ii)], the element η
t also reduces the complexity of Nˆ .
From the exact sequence
0→ Nˆ → Kηt → Ω
q
A(Nˆ)→ 0
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we get the following long exact sequence of cohomology modules.
(4.3) · · · → Ext jA(Mˆ, Nˆ)→ Ext
j
A(Mˆ,Kηt)→ Ext
j
A(Mˆ,Ω
q
A(Nˆ))→ · · · .
As w.g.dA(Mˆ) = w.g.dR(M) <∞, it is easy to see that
(4.4) Ext jA(Mˆ,Ω
q
A(Nˆ))
∼= Ext
j−q
A (Mˆ, Nˆ)
for all j > w.g.dA(Mˆ) + q. Now from (4.3) and (4.4), it is obvious that Ext
j
A(Mˆ,Kηt) = 0
for j ∈ {i+ q, i+ 2q, · · · , i+ cq}. As cxA(Kηt) < cxA(Nˆ) = c, by induction hypothesis we
have Ext jA(Mˆ,Kηt) = 0 for all j > w.g.dA(Mˆ). Therefore from (4.3) and (4.4), we get
Ext jA(Mˆ, Nˆ)
∼= Ext
j−1
A (Mˆ,Ω
q
A(Nˆ))
∼= Ext
j−1−q
A (Mˆ, Nˆ)
for all j > w.g.dA(Mˆ) + q+1. Now it is easy to see that, Ext
j
A(Mˆ, Nˆ) = 0 for i+ cq ≤ j ≤
i + cq + c. Therefore, by Proposition 4.1, Ext jA(Mˆ, Nˆ) = 0 for all j > w.g.dA(Mˆ), and so
Ext jR(M,N) = 0 for all j > w.g.dR(M). 
Corollary 4.3. Let M and N be R–modules of finite complete intersection dimensions.
Set c = min{cxR(M), cxR(N)}, if there exist an odd number q ≥ 1, and i > CI-dimR(M)
such that Ext jR(M,N) = 0, for j ∈ {i, i + q, · · · , i + cq}, then Ext
j
R(M,N) = 0 for all
j > CI-dimR(M).
Proof. By [5, Theorem 1.4], w.g.dR(M) = G-dimR(M) = CI-dimR(M). Now the assertion
is obvious by [7, Theorem 3.1] and Theorem 4.2. 
Let M and N be R–modules. It is well-known that if M has finite Gorenstein dimension
and PdR(N) < ∞ then G-dimR(M) = sup{i | Ext
i
R(M,N) 6= 0}. In the following, we
generalize this result for modules with reducible complexity.
Theorem 4.4. Let M , N be nonzero R–modules. If N has reducible complexity,
w.g.dR(M) <∞ and Ext
i
R(M,N) = 0 for i≫ 0 then
(i) Ext
w.g.dR(M)
R (M,N)
∼= Ext
w.g.dR(M)
R (M,R)⊗R N ,
(ii) w.g.dR(M) = sup{i | Ext
i
R(M,N) 6= 0}.
Proof. Set n = w.g.dR(M) and c = cxR(N). First we show that Ext
i
R(M,N) = 0 for all
i > n. We argue by induction on c. If c = 0 then PdR(N) <∞ and so as we have seen in the
proof of Proposition 4.1, Ext iR(M,N) = 0 for all i > n. Now let c > 0 and η ∈ Ext
∗
R(N,N)
reduces the complexity of N . Consider the exact sequence
(4.5) 0→ N → Kη → Ω
q
R(N)→ 0,
where q = |η|−1 and cxR(Kη) < c. The exact sequence (4.5), induces a long exact sequence
(4.6) · · · → Ext iR(M,N)→ Ext
i
R(M,Kη)→ Ext
i
R(M,Ω
q
R(N))→ · · ·
of cohomology modules. As Ext iR(M,R) = 0 for i > n, it is easy to see that
(4.7) Ext iR(M,Ω
q
R(N))
∼= Ext
i−q
R (M,N)
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for i > n+q. As Ext iR(M,N) = 0 for i≫ 0, from (4.6) and (4.7) we see that Ext
i
R(M,Kη) =
0 for i ≫ 0 and so by induction hypothesis Ext iR(M,Kη) = 0 for all i > n. Therefore by
(4.6) and (4.7), we have
Ext i−qR (M,N)
∼= Ext iR(M,Ω
q
R(N))
∼= Ext i+1R (M,N)
for i ≥ n+ q + 1 and so Ext iR(M,N) = 0 for all i > n.
Now we show that if Ext iR(M,N) = 0 for all i > n then Tor
R
i (Tn+1M,N) = 0 for all
i > 0. We argue by induction on c. If c = 0 then PdR(N) <∞. As Ext
i
R(M,R) = 0 for all
i > n, TiM ∼= ΩTi+1M for all i > n and so it is obvious that Tor
R
i (Tn+1M,N) = 0 for all
i > 0. Now let c > 0 and η ∈ Ext ∗R(N,N) reduces the complexity of N . Consider the exact
sequence
(4.8) 0→ N → Kη → Ω
q
R(N)→ 0,
where cxR(Kη) < c. As we have seen in the proof of the first part Ext
i
R(M,Kη) = 0
for all i > n and so by induction hypothesis TorRi (Tn+1M,Kη) = 0 for all i > 0. As
Ext iR(M,Kη) = 0 for all i > n, by Theorem 2.3, Tor
R
1 (Ti+1M,Kη) = 0 for all i > n and
since TiM ∼= ΩTi+1M for all i > n, it is easy to see that Tor
R
i (TjM,Kη) = 0 for all i > 0
and j ≥ n+ 1. Set t = q + n+ 2. The exact sequence (4.8) induces the long exact sequence
(4.9) · · · → TorRi (TtM,N)→ Tor
R
i (TtM,Kη)→ Tor
R
i+q(TtM,N)→ · · ·
of homology modules. Therefore
(4.10) TorRi (TtM,N)
∼= TorRi+q+1(TtM,N) for all i > 0.
As Ext iR(M,N) = 0 for all i > n, Tor
R
1 (TiM,N) = 0 for all i > n+ 1 by Theorem 2.3. As
TiM ∼= ΩTi+1M for all i > n, Tor
R
i (TtM,N)
∼= TorR1 (Tt−i+1M,N) = 0 for 1 ≤ i ≤ q+1 and
so TorRi (TtM,N) = 0 for all i > 0, by (4.10). Therefore Tor
R
i (Tn+1M,N) = 0 for i > 0 and
so Ext nR(M,R) ⊗R N
∼= Ext nR(M,N), by Theorem 2.3. As R is local and N , Ext
n
R(M,R)
are non-zero, Ext nR(M,N) 6= 0 and so n = sup{i | Ext
i
R(M,N) 6= 0}. 
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